Abstract. The aim of this note is twofold. The first is to investigate a combinatorial aspect of the 2-category of toric stacks. We establish an equivalence between the 2-category of toric stacks and the 1-category of stacky fans. The second is to give a geometric characterization of toric stacks. We then use the two main results and show that smooth Deligne-Mumford stacks of a certain type (geometrically defined) form a discrete category, which is equivalent to the 1-category of stacky fans.
Introduction and main results
• We work over a field k in characteristic zero unless otherwise stated.
Let Σ be a simplicial fan. The toric stack associated to Σ is a smooth DeligneMumford stack whose coarse moduli spaces is the toric variety X Σ (cf. [9, Section 3] , see also Section 2 for the slightly generalized definition). It is defined as a certain category via logarithmic geometry in the sense of Fontaine-Illusie (cf. [10] ) and has the torus action. Many geometric notions have the combinatorial descriptions. Moreover it turns out that some notions of toric stacks, such as the integral Chow rings, have more beautiful correspondences to the data of fans than that of toric varieties ( [9] ). On the other hand, the category of toric varieties is equivalent to the category of fans. Then the following fundamental problem naturally arises. Problem 1.1. Describe the 2-category of toric stacks as some combinatorial category.
The first aim of this note is to answer this problem. Let us denote by Torst the 2-category whose objects are toric stacks (cf. Section 2). A 1-morphism of two toric stacks f : X (Σ,Σ 0 ) → X (∆,∆ 0 ) in Torst is a torus-equivariant 1-morphism (cf. Definition 2.1, 2.3, 2.6). A 2-morphism g : f 1 → f 2 is an isomorphism of 1-morphisms. Then our result is stated as follows. toric stack X (Σ,Σ 0 ) associated to a stacky fan (Σ, Σ 0 ), to the toric variety X Σ (cf. Remark 2.12 and Remark 3.3). See Definition 2.1 for the definition of stacky fans. The 1-category of stacky fans is regarded as a 2-category.
In Section 2, we construct toric stacks from stacky fans. This is a generalization of the definition in ( [9] ). The notion of toric stacks introduced in Section 2 fits in nicely with a geometric characterization given below. Also, by this generalization, the category of toric stacks admits interesting birational morphisms, such as blowing ups. It seems that Theorem 1.2 has a nice place in the study of toric minimal model program from a stack-theoretic and derived categorical viewpoint. We hope to discuss birational geometry for toric stacks in the future.
In Section 3, we shall prove Theorem 1.2. Once the 2-functor Φ is naturally defined, it is essentially surjective. Therefore what we have to prove is that the groupoid of torus-equivariant 1-morphisms of toric stacks is equivalent to the discrete category of the set of the morphisms of stacky fans. The key ingredient for the proof is the modular interpretation of toric stacks in terms of logarithmic geometry (cf. [9] and Section 2), which is closely related to the very definition. By this, we prove Theorem 1.2 by reducing it to a certain problem on log structures on schemes. As a corollary of Theorem 1.2, we prove also that every toric stack admits a smooth torus-equivariant cover by a smooth toric variety (cf. Corollary 3.9).
The second aim of this note is to give a simple geometric characterization of toric stacks introduced in Section 2. Section 4 is devoted to the proof of the following theorem. over k, and it satisfies the following additional properties:
(1) The restriction of Φ to G Moreover such a stacky fan is unique.
This is a"stacky analogue" of the geometric characterization of toric varieties (cf. [13] ). We remark that for any stacky fan (Σ, Σ 0 ), the associated toric stack X (Σ,Σ 0 ) satisfies the properties (i), (ii) and (iii) in Theorem 1.3. The essential point in the proof of Theorem 1.3 is a study of (étale) local structure of the coarse moduli map X → X. We first show that X is a toric variety and then determine the local structure of X → X by applying logarithmic Nagata-Zariski purity Theorem due to S. Mochizuki and K. Kato (independently proven).
Consider a triple (X , ι : G d m ֒→ X , a : X × G d m → X ), where X is a smooth Deligne-Mumford stack of finite type and separated over k satisfying (i), (ii), (iii) in Theorem 1.3, ι is a torus embedding, and a is a torus action (cf. Theorem 1.3). We shall refer to such a triple as a toric triple. Note that if X is a scheme, then X is a smooth toric variety. A 1-morphism of toric triples
is an isomorphism of 1-isomorphisms. By Theorem 1.3 together with Theorem 1.2, we obtain: Theorem 1.4. The natural functor from Torst to the 2-category of toric triples gives an equivalence between them. In particular, the 2-category of toric triples is equivalent to the 1-category of stacky fans.
Finally, although there exist many important works which use Deligne-Mumford stacks as "useful technical covers" of algebraic varieties, however we emphasize (and propose) the viewpoint that the (2-)category of toric stacks is primary and the category of simplicial toric varieties is the "degenerated" category (See Remark 4.3). It is my opinion that the theory presented in this note provides the proper theoretical framework for a generalization of smooth toric varieties in the category of smooth stacks, and it would govern the geometry of simplicial toric varieties.
Notations And Conventions
(1) We fix a Grothendieck universe U with {0, 1, 2, 3, ...} ∈ U where {0, 1, 2, 3, ...} is the set of all finite ordinals. We consider only monoids, groups, rings, schemes and log schemes which belong to U . (2) A variety is a geometrically integral scheme of finite type and separated over k. (3) algebraic stacks: We follow the conventions of ( [14] ). Let us review some facts on coarse moduli spaces of algebraic stacks. Let X be an algebraic stack over a scheme S (not necessary over k). A coarse moduli space (or map) for X is a morphism π : X → X to an algebraic space over S such that (i) π is universal among morphisms from X to algebraic spaces over S, and (ii) for every algebraically closed S-field K the map [X (K)] → X(K) is bijective where [X (K)] denotes the set of isomorphism classes of objects in the small category X (K). The fundamental existence theorem on coarse moduli spaces (to which we refer as Keel-Mori Theorem [12] ) is stated as follows (the following version is enough for our purpose): Let X be an algebraic stack of finite type over k with finite diagonal. Then there exists a coarse moduli space π : X → X where X is of finite type and separated over k, and it satisfies the additional properties: (a) π is proper, quasi-finite and surjective, (b) For any morphism (5) logarithmic geometry: All monoids will be assumed to be commutative with unit. Given a monoid P , we denote by P gp the Grothendieck group of P . A monoid P is said to be sharp if p + p ′ = 0 for p, p ′ ∈ P , then p = p ′ = 0. For a fine sharp monoid, an element p ∈ P is said to be irreducible if p = q + r for q, r ∈ P , then either q = 0 or r = 0. In this note, a log structure on a scheme X means a log structure (in the sense of Fontaine-Illusie ( [10] )) on theétale site X et . We usually denote simply by M a log structure α : M → O X on X, and byM the sheaf M/O * X . Given a fine monoid P , the canonical log structure, denoted by M P , on Spec k[P ] is the log structure associated to the natural map P → k[P ]. Let R be a ring and P a fine monoid. For a homomorphism of monoids P → R (regard R as a monoid under multiplication), we often denote by Spec(P → R) the log scheme with underlying scheme Spec R and the log structure associated to P → R. For a toric variety X Σ , we denote by M Σ the fine log structure
We shall refer to this log structure as the canonical log structure on X Σ . We refer to [9] for the further generalities and notations concerning toric varieties, monoids and log schemes, which is needed in what follows.
2.1. Definitions. In this note, all fans are assumed to be finite. For a fan Σ, we denote by Σ(1) the set of rays. (♠) For any cone σ in Σ, σ ∩ Σ 0 is a sub-monoid of σ ∩ N which is isomorphic to N r where r = dim σ, such that for any element e ∈ σ ∩ N, there exists a positive integer
′ which satisfies the following conditions:
By forgetting data Σ 0 , there exists a natural functor (Category of stacky fans) → (Category of simplicial fans), (Σ,
It is essentially surjective, but not fully faithful. Given a stacky fan (Σ, Σ 0 ) and a ray ρ in Σ(1), the initial point P ρ of ρ ∩ Σ 0 is said to be the generator of Σ 0 on ρ. Let Q ρ be the first point of ρ ∩ N and let n ρ be the natural number such that n ρ · Q ρ = P ρ . Then the number n ρ is said to be the level of Σ 0 on ρ. Notice that Σ 0 is completely determined by the levels of Σ 0 on rays of Σ. Each simplicial fan Σ has the canonical free-net Σ 0 can , whose level on every ray in Σ is 1. Let P be a monoid and let S ⊂ P be a submonoid. We say that S is close to P if for any element e in P , there exists a positive integer n such that n · e lies in S. The monoid P is said to be toric if P is a fine, saturated and torsion-free monoid.
Let P be a toric sharp monoid, and let r be the rank of P gp . A toric sharp monoid P is said to be simplicially toric if there exists a submonoid Q of P generated by r elements such that Q is close to P . Definition 2.2. Let P be a simplicially toric sharp monoid. The minimal free resolution of P is an injective homomorphism of monoids
which has the following properties.
(1) The submonoid i(P ) is close to F . (2) For any injective homomorphism j : P → G such that j(P ) is close to G, and
Definition 2.3. The toric stack associated to a stacky fan (Σ ⊂ N ⊗ Z R, Σ 0 ) is a stack X (Σ,Σ 0 ) over the category of k-schemes whose objects over a k-scheme X are triples
(1) S is anétale sheaf of sub-monoids of the constant sheaf M on X determined by M = Hom(N, Z) such that for every point x ∈ X, S x ∼ = Sx. Here S x (resp. Sx) denotes the Zariski (resp.étale) stalk. (4) For each point x ∈ X, there exists some σ ∈ Σ such that Sx = σ ∨ ∩ M. (5) α : M → O X is a fine log structure on X. (6) η : S → M is a homomorphism of sheaves of monoids such that π = α • η, and for each geometric pointx,η :Sx = (S/(unit elements))x →Mx is isomorphic to the compositeSx r ֒→ F t ֒→ F, where r is the minimal free resolution ofSx and t is defined as follows: Note that each irreducible element of F canonically corresponds to a ray in Σ (See Lemma 2.4 below). Let us denote by e ρ the irreducible element of F which corresponds to a ray ρ. Then define t : F → F by e ρ → n ρ · e ρ where n ρ is the level of Σ 0 on ρ. We shall refer to t • r :Sx → F as the (Σ, Σ 0 )-free resolution atx. A set of morphisms from (π :
With the natural notion of pullback, X Σ is a fibered category. By [2, Theorem in page 10], Hom k -schemes (X, X Σ ) ∼ = { all pair (S, π) on X satisfying (1), (2) , (3),(4) }. Therefore there exists a natural functor
which simply forgets the data α : M → O X and η : S → M. Moreover α : M → O X and η : S → M are morphisms of theétale sheaves and thus X Σ is a stack with respect to theétale topology. Objects of the form (π :
. This commutes with the torus-embedding i Σ : T Σ ֒→ X Σ .
Lemma 2.4. With the same notation as in Definition 2.3, let e be an irreducible element in F and let n be a positive integer such that n · e ∈ r(Sx). Let m ∈ Sx be a lifting of n · e. Suppose that Sx = σ ∨ ∩ M. Then there exists a unique ray ρ ∈ σ(1) such that m, ζ ρ > 0. Here ζ ρ is the first lattice point of ρ, and •, • is the dual pairing. It does not depend on the choice of liftings. Moreover this correspondence defines a natural injective map
Proof. Clearly, such a ray does not depend upon the choice of liftings m. Thus to prove our claim we may assume that σ is a full-dimensional cone. Then we havē
Let us denote by ι : σ ∨ ∩ M ֒→ σ ∨ the natural inclusion and by r : σ ∨ ∩ M ֒→ F the minimal free resolution. Then there exists a unique injective homomorphism i : F → σ ∨ such that i • r = ι. By this embedding, we regard F as a sub-monoid of σ ∨ . Since r : σ ∨ ∩ M ֒→ F ⊂ σ ∨ is the minimal free resolution and σ ∨ is a simplicial cone, thus for each ray ρ ∈ σ ∨ (1), the initial point of ρ ∩ F is an irreducible element of F . Since rk
thus each irreducible element of F lies on one of rays of σ ∨ and it gives rise to the natural bijective map from the set of irreducible elements of F to the set σ ∨ (1) ∼ = σ(1). Hence our assertion easily follows. 2
Remark 2.5. Given a simplicial fan Σ, the associated toric stack X Σ in ( [9] ) is equal to X (Σ,Σ 0 can ) . If Σ is a non-singular fan, then X (Σ,Σ 0 can ) is the toric variety X Σ .
Torus Actions. The torus action functor
Here O X is regarded as a sheaf of monoids under multiplication. We define
. We define a (Σ,Σ 0 ) (h) to be h. We remark that this action commutes with the torus action of Spec
) be a stacky fan, and
2 ) , and the diagram
commutes in 2-categorical sense. Similarly, we define the torus-equivariant (1-)morphisms from a toric stack (or toric variety) to a toric stack (or toric variety). We remark that
Theorem 2.7. The stack X (Σ,Σ 0 ) is a smooth Deligne-Mumford stack of finite type and separated over k, and the functor π (Σ,Σ 0 ) :
It follows from an argument similar to the argument in ([9] Theorem 2.13). However we prove it here for the benefit of the reader, and it is also because we will apply Lemma 2.9 and Lemma 2.10 also to the proof of Theorem 1.2. First of all, we replace X (Σ,Σ 0 ) with the stack more directly represented in the term of logarithmic geometry. Let (U , π U ) be the universal pair on X Σ satisfying (1)(2)(3)(4) in Definition 2.3, which corresponds to Id X Σ ∈ Hom(X Σ , X Σ ). Note that the associated log structure to π U : U → O X Σ is the canonical log structure on X Σ . Then by the same argument as [9, Lemma 3.2], we see that the stack X (Σ,Σ 0 ) is naturally equivalent to the stack X Σ (Σ 0 ) over the toric variety X Σ , defined as follows. For any morphism f :
To prove that X Σ (Σ 0 ) is a smooth Deligne-Mumford stack, we may assume that Σ is a cone σ such that dim σ = rk N, i.e. full-dimensional. Set P = σ ∨ ∩ M. The monoid P is a simplicially toric sharp monoid, and X Σ = Spec k[P ]. The following two lemmas are needed.
Lemma 2.9. Let r : P → N d be the minimal free resolution. Let us denote by e ρ the irreducible element in N d which corresponds to a ray ρ in σ, and let t be the map
be toric varieties with canonical log structures, and let (π, η) :
Proof. The morphism (π, η) can be decomposed into
where (g, φ) and (h, ψ) are morphisms induced by t and r respectively. By [ 
(Here we abuse notation and write e ρ for the image of e ρ in g Return to the proof of Theorem 2.7. Let us denote by G : 
] is the subring of functions invariant under the action of G). The following Proposition and its proof imply Theorem 2.7.
Proof. This is an application of [16, Proposition 5.20 ]. In virtue of this result,
is the stack whose fiber over f : S → Spec k[P ] is the groupoid of triple (N , η, γ), where N is a fine log structure on S, η : f * M P → N is a morphism of log structures, and γ : N d →N is a morphism, whichétale locally lifts to a chart, such that the diagram
] is the universal log structure. Taking account into Lemma 2.9 and Lemma 2.10, the last condition implies that η is a Σ 0 -FR morphism. By forgetting the data γ, we have a functor
To show that J is fully faithful, it suffices to show that given two objects (h 1 :
However it is easy to verify by using the fact that each stalk ofN 2 is a free monoid, and l(P ) is close to N d . By Lemma 2.10, objects in X Σ (Σ 0 ) isétale locally isomorphic to the image of J, and thus J is essentially surjective. Indeed, by Lemma 2.9, for every geometric points,
functor (not necessary torus-equivariant).
Then by the universality of coarse moduli spaces, there exists a unique morphism 
where
denotes the subsheaf of O X (Σ,Σ 0 ) consisting of regular functions on X (Σ,Σ 0 ) whose restriction to T Σ is invertible. It follows from the proof of Theorem 2.7. Thus the coarse moduli map π (Σ,Σ 0 ) :
Similarly, a functor f :
. We shall refer to this homomorphism h f as the homomorphism induced by f . For generalities concerning log structures on stacks, we refer to ([16, Section 5]).
Remark 2.13. The notion of stacky fans is introduced in [3, Section 3] . In [3] , given a stacky fan (Σ, Σ 0 ) whose rays in Σ span the vector space N R , they construct a smooth Deligne-Mumford stack over C whose coarse moduli space is the toric variety X Σ , called the toric Deligne-Mumford stack. Their approach is a systematic generalization of the global quotient constructions of toric varieties due to D. Cox. Two approaches are different, but it would be interesting to compare our theory with [3] . We should remark that it is unknown whether or not the 2-category (or the associated 1-category) of toric Deligne-Mumford stacks in the sense of [3] is equivalent to the category of stacky fans.
The proof of Theorem 1.2
In this section, we shall prove Theorem 1.2. The proof proceeds in several steps.
Lemma 3.1. Let X (Σ,Σ 0 ) and X (∆,∆ 0 ) be toric stacks arising from stacky fans
. Let f c : X Σ → X ∆ be the morphism induced by f (cf. Remark 2.12). Then there exists the natural commutative diagram of log stacks,
Proof. We use the same notation as in Section 2.4. Note that f c commutes with torus embeddings. We define a homomorphism h fc : f * c M ∆ → M Σ to be the homomorphism induced by f
, and h (∆,∆ 0 ) are induced by the homomorphisms of structure sheaves (Section 2.4), 
Proof. Clearly, the restriction of f c to T Σ induces a homomorphism of group k-
Note that since σ and δ are full-dimensional, P and Q are sharp (i.e., unit-free). Let us denote by o (resp. o ′ ) the origin of Spec k[P ] (which correspond to the ideal (P )) (resp. the origin of Spec 
On the other hand, set F := {m ∈ M 1 ⊗ Z Q m, n ∈ Z ≥0 for any n ∈ σ 0 } and
Then by the definition of toric stacks and the argument in the proof of [9, Proposition 2.2], α
(Σ,Σ 0 ) is identified with the natural inclusion P := σ ∨ ∩ M 1 ֒→ F . However by the assumption L(Σ 0 ) ∆ 0 , we easily see that the map Q → P in the above diagram can not be extended to F ′ → F . It gives rise to a contradiction. Next consider the general case, i.e., σ and δ are not necessary fulldimensional. Choose splittings
. Consider the following sequence of torus-equivariant morphisms,
, where i is determined by the natural inclusion N 
To show Theorem 1.2, we show the following Proposition.
be the morphism of log toric varieties induced by ξ : Σ → ∆. Let S be a k-scheme and let (α, h) :
Then there exist a fine log structure A on S, and morphisms of log structures a : α * f * M ∆ → A and θ : A → N which make the following diagram: 
Firstly, we shall show our claim for the case of S = Spec R where R is a strictly Henselian local k-ring. Note that if M is a fine saturated log structure on S = Spec R, then by [16, Proposition 2.1], there exists a chartM(S) → M on S. The chart induces an isomorphismM(S) ⊕ R * ∼ → M(S). If a chart of M is specified, we abuse notation and usually writeM(S) ⊕ R * for the log structure M. Similarly, we write simplyM forM(S). Before the proof of Proposition, we prove the following lemma. → N r be the composite map where r is the minimal free resolution and t is the map defined as follows. For an irreducible element e ρ ∈ N r which corresponds to the ray ρ in ∆, t sends e ρ to n ρ · e ρ where n ρ is the level of ∆ 0 on ρ. Then there exists a unique homomorphism of monoids l : N r →N such that the following diagram
Proof. The uniqueness of l follows from the facts thatN is free and γ(Q) is close to N r . To show the existence of l, we may assume that Σ and ∆ are cones. Set σ = Σ, σ 0 = Σ 0 , δ = ∆, and
where vertical arrows are strict morphisms induced by projections, and (g, h g ) is the morphism induced by
Thus we may assume that σ and δ are fulldimensional in N 1,R and N 2,R respectively. Then 
and define a chart c Q :
Then we have the following commutative diagramN 
Thus we have the desired diagram. Next we shall prove the uniqueness. To prove this, as above, we fix the chart cN :N → N . Suppose that for λ = 1, 2, there exist a ∆ 0 -FR morphism a λ : α * f * M ∆ → A λ , and a morphism of log structures θ λ : A λ → N such that h • α * h f = θ λ • a λ . By the above argument (for the proof of the existence), we have a chart c Q : Q → α * f * M ∆ such that the image of the composite,
is trivial. By Lemma 2.10, c Q can be extended to the chart c λ :
Let us denote by η : A 1 → A 2 an isomorphism of log structures, defined to be the
Then it is easy to see that η : A 1 → A 2 is the unique isomorphism which makes all diagrams commutative.
2
Next consider the case of a general k-scheme S. Firstly, we shall prove the uniqueness part. If there exists the diagram as in ( * ) but without η, then by the case of the spectrum of strictly Henselian local k-ring, for every geometric points on S, there exists a unique homomorphism ηs : As → A ′ s which makes the diagram ( * ) over Spec O S,s , commutative. Thus, to prove the uniqueness, it suffices to show that ηs can be extended to an isomorphism on someétale neighborhood ofs, which makes the diagram ( * ) commutative. To this aim, put Q = α Next we shall prove the existence of a triple (A , a, θ). For a geometric points on S, consider the localization
∆,s . Then by the case of the spectrum of a strictly Henselian local k-rings, there exist a log structure A on S ′ , a ∆ 0 -FR morphism a : α * f * M ∆,s → A , and the diagram of fine log structures on S
Here c, c ′ , and c ′′ are charts and F =Ā . To prove the existence on S, by the uniqueness, it suffices only to show that we can extend the above diagram to someétale neighborhood ofs. In someétale neighborhood U ofs, there exists chartsc : Q → α * f * M ∆ andc ′′ :Ns → N extending c and c ′′ respectively, such that the diagram
commutes. LetÃ be the fine log structure associated to the prelog structure Fθ → Nsc
Then there exists morphisms of log structures
This completes the proof of Proposition 3.4.
Proof of Theorem 1.2. Let Hom(X (Σ,Σ 0 ) , X ∆,∆ 0 ) ) be the category of torus-equivariant 1-morphisms from X (Σ,Σ 0 ) to X (∆,∆ 0 ) (whose morphisms are natural isomorphisms). Let Hom((Σ, Σ 0 ), (∆, ∆ 0 )) be the discrete category arising from the set of morphisms from (Σ, Σ 0 ) to (∆, ∆ 0 ). We have to show that the natural map
is an equivalence. This amounts to the following statement: If F : (Σ, Σ 0 ) → (∆, ∆ 0 ) is a map of stacky fans and (f, h f ) : (X Σ , M Σ ) → (X ∆ , M ∆ ) denotes the torusequivariant morphism (with the natural morphism of the log structures) of toric varieties induced by F : Σ → ∆, then there exists a torus-equivariant 1-morphism (with canonical log structures)
, and it is unique up to a unique isomorphism. By Proposition 3.4, for each object (α, h) :
e. a ∆ 0 -FR morphism, and ξ (α,h) : M → N is a homomorphism of log structures such that the diagram
. By the axiom of choice, there exists a function Ob( N 1 ) ) := Corollary 3.6. Let f : X Σ → X ∆ be a torus-equivariant morphism of simplicial toric varieties. Then a functor (not necessary torus-equivariant)f :
is unique up to a unique isomorphism (if it exists).
Proof. It follows immediately from the proof of Theorem 1.2. 2
Corollary 3.7. Let f : X (Σ,Σ 0 ) → X (∆,∆ 0 ) be a (not necessary torus-equivariant) functor. Then f is torus-equivariant if and only if the induced morphism f c : X Σ → X ∆ of toric varieties is torus-equivariant.
Proof. The "only if" part follows from Proposition 3.2. The proof of Theorem 1.2 implies the "if" part.
Corollary 3.8. Let Σ and ∆ be simplicial fans and let (∆, ∆ 0 ) be a stacky fan that is an extension of ∆. Let F : Σ → ∆ be a homomorphism of fans and let f : X Σ → X ∆ be the associated morphism of toric varieties. Then there exist a stacky fan (Σ, Σ 0 ) that is an extension of Σ and a torus-equivariant morphismf :
. Moreover if we fix such a stacky fan (Σ, Σ 0 ), theñ f is unique up to a unique isomorphism.
Proof. Theorem 1.2 immediately implies our assertion.
2 Corollary 3.9. Let (Σ ⊂ N R , Σ 0 ) be a stacky fan and let X (Σ,Σ 0 ) be the associated toric stack. Then there exists a smooth surjective torus-equivariant 1-morphism
where X ∆ is a quasi-affine smooth toric variety. Furthermore, X ∆ can be explicitly constructed.
Proof. Firstly, without loss of generality, we may suppose that rays of Σ span the vector space N R . SetÑ = ⊕ ρ∈Σ(1) Z · e ρ . Define a homomorphism of abelian groups, η :Ñ −→ N by e ρ → P ρ where P ρ is the generator of Σ 0 on ρ (cf. Definition 2.1). Let ∆ ⊂Ñ R be the sub-fan of ⊕ ρ∈Σ(1) R ≥0 · e ρ such that a cone γ ∈ ⊕ ρ∈Σ(1) , p is surjective. The only thing that remains is to prove that p is smooth. This is an application of K. Kato's notion of log smoothness. By Lemma 2.9, we easily see that the induced morphism (q, h q ) :
Moreover, by [10, Theorem 3.5], we see that (q, h q ) is log smooth (ch(k) = 0). By the modular interpretation of X Σ (Σ 0 ) (cf. Section 2), there exists the 1-morphism p ′ : X ∆ → X (Σ,Σ 0 ) which corresponds to (q, h q ). Theorem 1.2 and Corollary 3.9 imply that p ′ coincides with p, and thus the morphism (p, h p ) :
Here h p is the homomorphism induced by p. Then the following lemma implies that p is smooth. Lemma 3.10. Let (X, M) be a log scheme, and (f, h) : 
where i, b, and a 0 denote induced strict morphisms (we abuse notation). Since
Thus it suffices only to prove that b ∼ = f • a. This is equivalent to show that (a, v) is a strict morphism. To see this, we have to show that for any geometric pointt → T ,vt : (a
t is an isomorphism. It follows from the next claim.
2 Claim 3.10.1. Let ι : P → N r be an injective homomorphism of monoids such that ι(P ) is close to N r . Let e : N r → N r be an endomorphism such that ι = e • ι. Then e is an isomorphism.
Proof. It is straightforward. 
A geometric characterization theorem
The aim of this section is to give proofs of Theorem 1.3 and Theorem 1.4.
Lemma 4.1. Let S be a normal Deligne-Mumford stack locally of finite type and separated over k, and let p : S → S be the coarse moduli space. Then S is normal.
Proof. Our assertion isétale local on S, and thus we may assume that S is the spectrum of a strictly Heselian local ring. Set S = Spec O. Proof. First, we shall prove that X is a toric variety. Observe that the coarse moduli scheme X is a variety, i.e. geometrically integral, of finite type and separated over k. Indeed, according to Keel-Mori Theorem X is locally of finite type and separated over k. Since X is of finite type over k and the underlying continuous morphism |X | → |X| (cf. [14, 5] ) of the coarse moduli map is a homeomorphism, thus X is of finite type over k by [14, 5.6.3] . Since X is smooth over k and assumption (i), X is geometrically integral (Indeed, X is geometrically normal (cf. Lemma 4.1) and geometrically connected, and thus geometrically irreducible. Moreover X is geometrically reduced because X is reduced by [17, Corollary 2.8] ). Hence X is a variety. By assumption (i), the coarse moduli space X contains G Note that X is a normal variety by Lemma 4.1. To prove that X is a toric variety, it suffices to show that a 0 defines an action on X. However it follows from a similar argument to the argument in Proposition 3.2. Next we shall prove that the complement D is a divisor with normal crossings. Set G , the complement Spec R − q −1 (U) (or equivalently D) defines a log structure on Spec R (we shall denote by M R this log structure) and the finiteétale surjective morphism q −1 (U) → U extends to a Kummer logétale surjective morphism
LetÔ be the completion of O along its maximal ideal. Let us denote by
the pull-back of (q, h) by SpecÔ → Spec O. Then by [11, Theorem 3.2] , the log scheme
. Since π (Σ,Σ 0 can ) and π are coarse moduli maps, φ −1 (V (ρ)) red = W (ρ). For each ray ρ ∈ Σ(1), let n ρ ∈ N be the natural number such that
Let (Σ, Σ 0 ) be the stacky fan whose level on each ray ρ is n ρ . If M D denotes the log structure associated to D, the morphism of log stacks (π, h π ) :
. Then there exists the strict morphism of log stacks
, which is associated to the Σ 0 -FR morphism (π, h π ). By the construction of Φ, the restriction of Φ to
Next we shall show that Φ is an isomorphism. To see this, one may assume that the base field k is algebraically closed. Indeed, we see this as follows. Let k ′ be an algebraic closure of k and let 
is an isomorphism, our claim follows from fpqc descent ([6, Chap. IV Proposition 2.7.1]). Therefore, we assume that k is algebraically closed. To prove that Φ is an isomorphism, it suffices to prove that for each closed point x := Spec k → X Σ , the pull-back Φx :
by Spec O X Σ ,x → X Σ is an isomorphism. Indeed, assume that Φx is an isomorphism for every closed pointx = Spec k → X Σ . Then again by [4, Theorem 2.2.5], Φ is representable and thus schematic (Φ is finite!). It is anétale local issue on X Σ whether or not Φ is an isomorphism, and thus the same argument (as above) together with [6, Chap. IV 8.8.2.4] shows that Φ is an isomorphism. Therefore, we shall prove that Φx : Here through the natural map ι : F → F gp /P gp , an element g ∈ G acts on k[F ] ⊗ k[P ] k{P, t 1 , . . . , t l } by f → g(ι(f )) · f for f ∈ F . Since P → F is Kummer, the group Aut Spec O (Spec R) is naturally isomorphic to Aut 
